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This paper presents accurate mathematical models for several power system harmonics
problems using an efficient machine learning tool, Eureqa. Three previously published
research papers that included actual field measurements have been chosen to compare
and assess the harmonics mathematical models presented in this paper. Following that,
mathematical models of the output parameters as functions of the input parameters have
been developed based on these data. For all these different research works and
experiments, a total of 17 mathematical models have been built using basic curve fitting
tools. Most of these proposed models couldn’t fit the experimental data appropriately.
Considerable error is observed for several models. In this paper, all these 17 problems are
formulated using Eureqa software utilizing the same data presented in the discussed
research works. Very accurate fitting capability to the experimental data is achieved using
Eureqa, where almost near zero error is reached for the majority of the proposed models.
The maximum mean absolute error (MAPE) among all developed models was 0.13% as
opposed to 24% for the models presented in the literature.

1. INTRODUCTION 

The fast emerging and growing of power electronics tech-
nology result in diverse types of new efficient and energy-
saving home appliances. However, due to the electronics 
internal components of these appliances, external or inter-
nal switched-mode power supplies are necessary. Conse-
quently, voltage and current waveforms are highly distorted 
due to the increasing use of such electronic appliances. Ex-
amples of such appliances include televisions (TVs), phone 
chargers, and personal computers (PCs). All these appli-
ances need direct current power (DC) to operate. However, 
the commonly used power type available in the residential 
sector is AC. Hence, AC/DC converters are then essentially 
needed, which also have electronic components that lead to 
more distortions in the voltage waveform and, more signif-
icantly, the current waveform. On the other hand, the gen-
erated power from some renewable sources is DC such as 
photovoltaic (PV) and fuel cell (FC) systems which call for 
using some power electronics switches to be connected to 
the grid.1–3 This supports the extensive need for some con-
verters and inverters. 
Generally, DC power systems have a wide area of study 

that needs some analysis and investigation. Efficiency, en-
ergy consumption, power quality, cost, and harmonics are 
some of the issues that have to be extensively analyzed and 
investigated. Specifically, harmonics issues caused by DC 
appliances have been presented in the literature to repre-
sent the impact of such appliances on some electrical para-
meters based on polynomials fitting to some experimental 
data.4–7 

Significant and productive attempts have been presented 
to create models that, given an assumed operating point 
in real power consumption, estimate the input current har-
monics of continuously variable electronic loads, such as 
variable speed drives (VSDs) and rectifier loads.8–11 Specif-
ically, the harmonic currents required by a variable speed 
drive or DC loads can be predicted given the known level of 
real power consumption and circuit parameters. An analyt-
ical solution to the inverse problem would be practical and 
even beneficial for many situations.12,13 In other words, if 
it were possible to model and anticipate the actual power 
consumption of a drive from a line current harmonic pat-
tern that was observed or approximated, it would allow for 
the development of new power monitoring and modeling 
strategies for limiting motor-drive design issues. Mathe-
matical equations that, given observed or anticipated in-
put harmonic levels, can precisely forecast real power con-
sumption had been presented in 14. The formulation was 
complicated and high harmonics have been ignored. 
However, due to the lack of efficient and accurate curve 

fitting tools, the mathematical modeling approaches fol-
lowed in such works are dependent on some basic curve fit-
ting tools and some ready-built block polynomials. This re-
sults in inaccuracies in the obtained results, especially for 
highly nonlinear problems. Therefore, utilizing the most 
recent and efficient tools to improve the modeling capabil-
ity is highly recommended. Following are the problems that 
are presented and discussed in this paper. 
In 4, the impact of varying the number of connected 

PCs on the odd harmonics magnitudes has been formu-
lated. The models are developed for the 3rd, 5th, 7th, and 
9th harmonics as functions of the number of PCs. Reference 
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5 investigates several factors affecting voltage and current 
Total Harmonics Distortions (THDs). These factors include 
experimental variations of supply voltage, source imped-
ance magnitude, source impedance X/R ratio, system fre-
quency, and background voltage distortion. Then, voltage 
and current THDs equations as functions of all these vari-
ables are formulated. In 6, power factor and voltage, and 
current THDs models have been built as functions of the 
number of connected electronic loads. 
In this paper, all these problems are formulated using 

Eureqa software by utilizing the same experimental data 
used in these research works. Performance comparisons be-
tween the previously proposed models and Eureqa models 
had been discussed in terms of the models accuracy and fit-
ting capability. 

         
         

       
         

          
         

        
         
      

The paper is organized as follows. Section II discusses
briefly the concept and modeling steps followed in Eureqa
software. The experimental data overview and the devel-
oped models are presented in section II, while model com-
parisons and conclusions are shown in sections III and IV,
respectively. It is important to state that the concentration
in this paper is mainly focused on mathematical represen-
tations and modeling of harmonics, rather than deep power
system harmonics analysis. The harmonics analysis con- Fig. 1. Summary of steps follow e d in Eureqa to build
cepts are extensively presented in 15–21. 

2. EUREQA SOFTWARE: OVERVIEW 

Eureqa is a mathematical tool that is created originally 
by Cornell’s Creative Machines Lab and commercialized by 
Nutonian, Inc.22,23 This software is used for the purpose of 
determining mathematical equations that describe sets of 
measured inputs and outputs in their simplest form. De-
tailed description and step by step user guide can be found 
in 24. 
In Eureqa software, several simple and complex models 

are generated, in which the user has the option to choose 
the best model that fits the data with lowest error. The 
flow chart shown in Figure 1 illustrates the steps followed 
for mathematical formulation tasks using Eureqa. This soft-
ware has been recently adopted in many applications.25–27 

3. MEASUREMENT DATA AND MATHEMATICAL 
MODELS 

In this section, each problem is treated individually where 
the models proposed by each research work are listed. A 
brief experiment overview is discussed. Also, the models 
developed using Eureqa are presented in this section. 

3.1. IMPACT OF THE NUMBER OF CONNECTED PCS ON 
THE ODD HARMONICS4 

In the study presented in 4, the impact of successive PCs 
operation on the odd harmonics magnitudes of the supply 
current is presented. Mathematical relationships between 
the odd harmonics as output variables and the number of 
PCs as input variable have been formulated using some ba-
sic curve fitting tool utilizing fitting the data using linear 

                  
    mathematical models

Table 1. Recorded results of PCs and harmonics       
magnitudes  

No. of PCs I3 (%) I5 (%) I7 (%) I9 (%) 

1 50 45 37 24 

4 53 42 25 13 

7 54 40 21 5 

10 56 38 16 3 

13 58 35 12 2 

16 58 33 8 5 

19 57 29 6 7 

21 58 27 4 7 

23 58 25 0 9 

and quadratic equations. 23 PCs are sequentially connected 
to the AC supply. Then, the current waveforms of odd har-
monics have been captured and recorded in online mea-
surements. Table 1 summarizes the results of these mea-
surements where the first column lists the number of 
connected PCs and the subsequent columns demonstrate 
the individual percentage magnitudes of odd current har-
monics corresponding to the number of connected PCs. 
Therefore, using the data of Table 1, each output para-

meter has been formulated as a function of the number of 
PCs. As suggested by 4, the following equations describe the 
behavior of the odd harmonics based on the number of con-
nected PCs variation: 
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Where N is the number of connected PCs. 
On the other hand, using Eureqa to model the same data 

given in Table 1, the following equations represent the best 
models obtained for each output parameter: 

For all Eureqa equations shown in this paper, the coeffi-
cients are rounded to 3 to 5 decimals due to the limited 
space. However, the simulations are performed based on 
the entire numbers as obtained by Eureqa. 

3.2. IMPACT OF SEVERAL PARAMETERS VARIATIONS ON 
VOLTAGE AND CURRENT THD’S5 

The study presented in 5 discusses the impact of changing 
five parameters on voltage and current THDs. These para-
meters are the supply voltage, source impedance magni-
tude, source impedance X/R ratio, system frequency, and 
background voltage distortion. Voltage and current THDs 
mathematical equations are formulated as functions of 
each of these parameters using a basic curve fitting tool. 
The 10 models proposed by 5 are as follows: 

Where VS is the supply voltage, ZS is the source impedance 
magnitude, K is source impedance X/R ratio, f is the system 
frequency and VD is the background voltage distortion. 
Moreover, the models proposed by Eureqa are repre-

sented by the following equations: 

3.3. IMPACT OF THE NUMBER OF CONNECTED PCS ON 
VOLTAGE AND CURRENT THD’S AND POWER FACTOR6 

In the study presented in 6, 23 PCs are operated one by one 
where the measured parameters include power factor and 
voltage and current THDs. The modeling concentrates on 
building mathematical relationships that relate these pa-
rameters as functions of the number of PCs. The data for 
all 23 PCs are available in this study. Table 2 illustrates the 
data obtained from the measurements. Since the measured 
data are almost linear, all models proposed by 6 are based 
on fitting linear functions to the data. Two-point form of 
the equation of the line is used for all parameters as fol-
lows6: 

Where x represents any input parameter which is the num-
ber of connected PC’s in this work and y represents any out-
put parameter which is represented by the power factor and 
the total harmonic distortions of voltage and current. 
The mathematical models proposed by 6 are represented 

by the following equations: 
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Table 2. Recorded results of PCs and harmonics       
magnitudes along with power factor and voltage and         
current THDs 6  

No. of PCs THDI (%) THDV (%) power factor 

1 79.3 2.7 0.6 

2 78.2 2.9 0.61 

3 76 3 0.63 

4 74.6 3.1 0.64 

5 74.2 3.2 0.65 

6 73.7 3.3 0.66 

7 72.3 3.4 0.67 

8 71.5 3.5 0.68 

9 70.7 3.6 0.68 

10 70.1 3.7 0.69 

11 69.7 3.9 0.69 

12 69.2 4.1 0.7 

13 68.6 4.4 0.7 

14 67.9 4.7 0.71 

15 67.1 4.9 0.71 

16 66.2 5.2 0.72 

17 65.4 5.5 0.72 

18 64.7 5.7 0.73 

19 64 5.9 0.73 

20 63.5 6.1 0.74 

21 62.8 6.3 0.74 

22 62.1 6.5 0.75 

23 61.4 6.7 0.75 

In addition, the models formulated using Eureqa take the 
following forms of equations: 

Where PF is the power factor, THDV and THDI are the THD 
for voltage and current, respectively. 

4. MATHEMATICAL MODELS ANALYSIS AND 
COMPARISON 

Analysis and comparisons of all models are presented in 
this section. These include individual error calculations, 
performance comparisons, and mean absolute error (MAPE) 
computations. MAPE is evaluated using the following equa-
tion: 

Where Xa and Xm denote the actual and modeled parame-
ters, respectively. X represents any of the modeled parame-
ters and n is the number of points. All models are evaluated 
and compared with the measured data in order to check the 
fitting capability of the developed models. 

4.1. EUREQA MODELS COMPARISON WITH MODELS 
PROPOSED BY 4 

All models are evaluated concerning the number of con-
nected PCs to assess the ability of the proposed models to 
fit the experimental data. Figure 2 shows the actual mea-
sured output parameters and the modeled parameters using 
Eureqa and using the curve fitting tool presented in 4. 
Figure 2 demonstrates that the built models using Eu-

reqa have successfully and accurately followed the actual 
behavior of all parameters when subjected to changes by 
varying the number of connected PCs. The models pro-
posed by 4 are successful in some points while they are not 
fitted correctly for many other points. To precisely assess 
the proposed models, Figure 2 also shows the absolute per-
centage of error which is calculated at each point according 
to the results obtained from actual measurements. 
Using the models proposed in 4, low and acceptable error 

values are obtained for the case of 3rd and 5th harmonics 
modeling. However, considerable errors are noticed at many 
points of the 7th and 9th harmonics. On the other hand, 
the models developed by Eureqa have shown almost zero or 
negligible error values. The maximum evaluated error over 
all parameters is less than 0.02%. Therefore, these results 
conclude the accuracy and superiority of Eureqa software 
to build accurate models relating input and output vari-
ables in a fashion very identical to the results obtained from 
measurements. 
Table 3 lists the MAPE values for all models as compared 

with the measured data. The table clearly shows the supe-
riority of the models developed by Eureqa over the models 
proposed by 4. 

4.2. EUREQA MODELS COMPARISON WITH MODELS 
PROPOSED BY 5 

The models proposed by 5 as well as models developed by 
Eureqa are evaluated at their respective input variables. 
Figures 3 to 7 show the models comparison for all parame-
ters analyzed in 5 along with models developed by Eureqa. 
Although most of the models proposed by 5 show effi-

cient performance fitting capability with low error, Eureqa 
models have shown better performance with almost zero 
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                  Fig. 2. Eureqa models along with reference  4 models co mparison

                
          

Fig. 3. Eureqa models along with reference  5 models co 
mparison, THD’ s  vs. supply vo ltage

error. Table 4 lists the MAPE values for all models devel-
oped to formulate the output parameters. 

Table 3. MAPE comparisons for Eureqa and reference       4  

models  

MAPE (%) 

parameters reference 4 Eureqa 

I3 0.731347 0.000122 

I5 1.512746 0.000048 

I7 12.95257 0.001754 

I9 24.27790 0.001325 

4.3. EUREQA MODELS COMPARISON WITH MODELS 
PROPOSED BY 6 

In the case of comparison with the models presented in 6, 
all proposed models are evaluated at the number of PCs 
from 1 to 23 as input variables. Figure 8 depicts the com-
parison between the output parameters profiles, in addition 
to the absolute percentage error profiles for all models 
when compared with the actual data. 
Figure 8 shows that the models proposed using Eureqa 

are more accurate and superior to all models proposed us-
ing the approach followed in reference 6. 
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Fig. 4. Eureqa models along with reference  5 models co 
mparison, THD’ s  vs. source  impedance  magnitude

                
              

Fig. 5. Eureqa models along with reference  5 models co 
mparison, THD’ s  vs. source  impedance  X/R ratio

                
          

Fig. 6. Eureqa models along with reference  5 models co 
mparison, THD’ s  vs. system frequency

                
            

Fig. 7.  Eureqa models along with reference  5 models co 
mparison, THD’ s  vs. back distortion vo ltage

Table 5 compares the MAPE values of all output parame-
ters models. The table clearly shows the superiority of the 
models proposed by Eureqa over the models proposed by 6. 

5. CONCLUSION 

In this paper, accurate mathematical models using Eureqa 
software have been presented for different selected power 
system harmonics problems. The software shows efficient, 
superior, and more accurate performance than all models 
proposed by different research works. Therefore, the mod-
eling capability for the discussed problems has been im-
proved significantly using Eureqa as compared with the ba-
sic curve fitting tools employed in the presented research 
works. Where its applications are not limited for only har-
monics modeling, this machine learning tool is easy and 
friendly used and may also be adapted for different elec-
trical power system problems as well as other problems 
including chemical, biological, and forecasting problems. 
There is a significant and obvious contrast between the 
MAPE values for the proposed models and what have been 
done in the literature, with an error rate that does not 
surpass 0.13% as opposed to the literature, which reached 
24%. 
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Table 4. MAPE comparisons for Eureqa and reference       5  models  

MAPE (%) 

input parameters output parameters reference 5 Eureqa 

VS THDV 1.7638801 0.00001126 

VS THDI 0.0970823 0.00000202 

ZS THDV 1.5534893 0.00003774 

ZS THDI 0.0951393 0.00257605 

K THDV 1.9680202 0.00000469 

K THDI 0.3034505 0.00000252 

f THDV 0.4863297 0.00000109 

f THDI 0.0383584 0.00000071 

VD THDV 0.5587784 0.00181279 

VD THDI 0.2291687 0.00000932 

                  Fig. 8. Eureqa models along with reference  6 models co mparison
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Table 5. MAPE comparisons for Eureqa and reference       6  models  

MAPE (%) 

parameters reference 6 Eureqa 

THDI 1.591278 0.075010 

THDV 6.457097 0.136866 

PF 2.389672 0.052426 

This is an open-access article distributed under the terms of the Creative Commons Attribution 4.0 International License 

(CCBY-4.0). View this license’s legal deed at http://creativecommons.org/licenses/by/4.0 and legal code at http://creativecom-

mons.org/licenses/by/4.0/legalcode for more information. 
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